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Abstract
In a very recent paper [1], we have proposed a novel 4-dimensional gravitational theory with
two dynamical degrees of freedom, which serves as a consistent realization of D → 4 Einstein-
Gauss-Bonnet gravity with the rescaled Gauss-Bonnet coupling constant α˜. In the present paper,
we study cosmological implications of the theory in the presence of a perfect fluid and clarify the
similarities and differences between the results obtained from the consistent 4-dimensional theory
and those from the previously considered, naive (and inconsistent) D → 4 limit. Studying the
linear perturbations, we explicitly show that the theory only has tensorial gravitational degrees
of freedom (besides the matter degree) and that for α˜ > 0 and H˙ < 0, perturbations are free
of any pathologies so that we can implement the setup to construct early and/or late time
cosmological models. Interestingly, a k4 term appears in the dispersion relation of tensor modes
which plays significant roles at small scales and makes the theory different than not only general
relativity but also many other modified gravity theories as well as the naive (and inconsistent)
D → 4 limit. Taking into account the k4 term, the observational constraint on the propagation
of gravitational waves yields the bound α˜ . O(1) eV−2. This is the first bound on the only
parameter (besides the Newton’s constant and the choice of a constraint that stems from a
temporal gauge fixing) in the consistent theory of D → 4 Einstein-Gauss-Bonnet gravity.
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1 Introduction
According to the Lovelock theorem [2, 3], any rank-2 divergence-free tensor constructed from the
metric and its first two derivatives in 4 spacetime dimensions is a linear combination of the Einstein
tensor and the metric itself. Therefore, in 4 spacetime dimensions any covariant action made of the
metric and its derivatives that leads to second order equations of motion is the Einstein-Hilbert action
with or without a cosmological constant up to a boundary term. This is a mathematically established
theorem and serves as a part of the common knowledge in the research community of gravitational
theories. For example, one can in principle add the Gauss-Bonnet term to the 4-dimensional action
but it is a boundary term and thus does not contribute to the equations of motion.
Nonetheless, it was recently claimed that if we start with Einstein-Gauss-Bonnet gravity in D
spacetime dimensions with D > 4 and if take the D → 4 limit with α˜ = (D − 4)α kept finite,
where α is the Gauss-Bonnet coupling constant, non-trivial contributions from the Gauss-Bonnet
term should remain in the form of covariant corrections to the Einstein equation [4]. This claim
explicitly contradicts with the Lovelock theorem.
Some subtleties of this limit were then revealed by many papers. For instance, by taking the
D → 4 limit directly from a D-dimensional spacetime, it is shown that an extra scalar degree of
freedom (dof), originating from the extra (D − 4)-dimensional space, shows up [5, 6, 7]. This result
was also confirmed from another perspective [8, 9] through adding counter terms in D dimensions
[10]. Moreover, the scalar dof turned out to be strongly coupled around FLRW backgrounds [6, 7]
(see also [11]). At the level of equations of motion, it was shown that, if we keep all conditions of the
Lovelock theorem but the divergence-freedom (i.e. the Bianchi identity), the D → 4 limit inevitably
ends up with breaking the Bianchi identity [12] and therefore it is not diffeomorphism invariant. See
also other papers [13, 14, 15] in this direction.
In [1], we proposed a 4-dimensional theory that serves as a consistent realization of the D → 4
limit of the Einstein-Gauss-Bonnet gravity with two dofs. We first concluded that the D → 4 limit
should either break a part of diffeomorphism or leads to extra dofs, in agreement with the Lovelock
theorem. Therefore, a consistent D → 4 theory with only two dofs, if exists, should not possess a
4-dimensional diffeomorphism invariant description in terms of the metric and its derivatives only,
contrary to the claim in [4], but in accordance with the Lovelock theorem [2, 3]. Second, we have
shown that it is possible to construct a consistent 4-dimensional theory with only two dofs in the
context of the minimally modified gravity theories [16, 17, 18, 19, 20]. We proposed a consistent
4-dimensional theory realizing the idea of the D → 4 Einstein-Gauss-Bonnet gravity by requiring the
following five conditions:
(i) The theory is invariant under the 3-dimensional spatial diffeomorphism
xi → x˜i(t, xk) . (1)
(ii) The number of the local physical dofs in the gravitational sector is two.
(iii) The theory reduces to GR when the “rescaled Gauss-Bonnet coupling” α˜ vanishes.
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(iv) Each term in the correction to GR is 4th-order in derivatives.
(v) If the Weyl tensor of the spatial metric and the Weyl part of KikKjl − KilKjk, where Kij is
the extrinsic curvature, vanish for a solution of D-dimensional Einstein-Gauss-Bonnet gravity,
then the D → 4 limit of the solution is a solution of the 4-dimensional theory.
The conditions (i)-(iii) state that the 4-dimensional theory is a Lorentz violating gravity with two
dofs which has a continuous GR limit. The condition (iv) then restricts the form of correction terms
to those with the “Gauss-Bonnet” structure which is 4th-order in derivatives. The condition (v)
finally determines the direct relation between the D → 4 limit of the D-dimensional theory and the
4-dimensional theory. It is this condition that makes it natural to call this theory a theory of D → 4
Einstein-Gauss-Bonnet gravity. Note that the Lorentz violation is inevitable due to the Lovelock
theorem and, in the present case, is induced by the counter terms that regularize the Hamiltonian
or/and the action of the D-dimensional theory in the course of the D → 4 limit. As we will review
in Section 2, our theory is defined with an additional constraint that stems from a temporal gauge
condition in the D-dimensional theory. As a consequence, the α˜ → 0 limit of the 4-dimensional
theory is GR with the temporal gauge degree of freedom fixed by the additional constraint, and then
there is no discontinuity between α˜→ 0 and α˜ = 0. As argued in [1], the conditions (i)-(v) uniquely
determine the 4-dimensional theory up to a choice of the “gauge-fixing” constraint.
The present paper is devoted to a study of cosmological implications of the model and clarification
of the similarities and differences between results obtained from the consistent 4-dimensional theory [1]
and those from the naive (and inconsistent) D → 4 limit [4]. In Section 2, we briefly review the
consistent theory of D → 4 Einstein-Gauss-Bonnet gravity with two dofs and explain our setup. We
then study the background dynamics in spatially flat FLRW universe in Section 3. We explicitly
show that the background equations indeed coincide with those obtained by [4] since the background
flat FLRW universe is spatially conformally flat. In Sections 4, 5, and 6, we then study the scalar,
vector, and tensor sectors, respectively, of the linear perturbations. In particular, we find that the
dispersion relation of the gravitational waves is modified by a k4 term which is a direct evidence that
the result in the consistent theory deviates from that in the naive (and inconsistent) D → 4 limit.
Section 7 is devoted to a summary and discussions.
2 A consistent D → 4 Einstein-Gauss-Bonnet gravity
As mentioned in Introduction, the consistent 4-dimensional theory with two dofs does not allow for
a 4-dimensionally covariant description in terms of the metric and its derivatives. A natural setup to
write down the theory is then the so-called Arnowitt-Deser-Misner (ADM) formalism based on the
lapse function N , shift vector N i, and spatial metric γij. We can then locally write the 4-dimensional
metric as
ds2 = gµνdx
µdxν = −N2dt2 + γij(dxi +N idt)(dxj +N jdt) . (2)
For a generic choice of the additional constraint stemming from the gauge-fixing condition, the con-
sistent D → 4 Einstein-Gauss-Bonnet theory is defined in the Hamiltonian formalism [1]. Moreover,
3
when we suppose a simple and convenient “gauge condition” of the form 3G = √γDkDk(πijγij/√γ) ≈
0, where πij is the canonical momentum conjugate to γij and Di is the covariant derivative compat-
ible with the spatial metric, we can explicitly perform the Legendre transformation. Supposing the
conditions (i)-(v), we uniquely obtain the gravitational action
S =
∫
dtd3xN
√
γL4DEGB , (3)
L4DEGB =
M2Pl
2
[
2R−M+ α˜
2
(
8R2 − 4RM−M2 − 8
3
(
8RijR
ij − 4RijMij −MijMij
))]
,
where M2Pl = (8πG)
−1 is the reduced Planck mass with G being the Newton gravitational coupling
constant, R and Rij are respectively the Ricci scalar and the Ricci tensor of the spatial metric, and
Mij ≡ Rij +KkkKij −KikKkj, M≡Mii , (4)
with
Kij ≡ 1
2N
(γ˙ij − 2D(iNj) − γijD2λGF) . (5)
Here, a dot denotes derivative with respect to the time t and all the effects of the constraint stemming
from the gauge-fixing are now encoded in λGF. The theory defined by (3) has the time reparametriza-
tion symmetry
t→ t = t(t′) , (6)
in addition to the spatial diffeomorphism invariance (1).
Upon performing the Legendre transformation, one obtains the Hamiltonian
H =
∫
d3x
[
NH0(γij, πij) +N iHi(γij, πij) + λGF√γDkDk
(
πijγij√
γ
)]
, (7)
where the dynamical phase space variables are only (γij, π
ij) and other variables N , N i and λGF are
regarded as the Lagrange multipliers imposing the primary constraints so that the on-shell Hamilto-
nian vanishes. The momentum constraint Hi takes the standard form and the explicit form of the
Hamiltonian constraint H0 is given in [1]. Similarly to the shift vector N i, the variable λGF appears
in the action (3) only through Kij, which ensures that the Hamiltonian is linear in λGF. The theory
(3) has only two dynamical dofs since we have three first class constraints
Hi ≈ 0 , (8)
and a couple of second class constraints
H0 ≈ 0 , 3G ≈ 0 , (9)
satisfying {H0, 3G} 6≈ 0.
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Under the GR limit α˜→ 0, πijγij/√γ is reduced to the trace of the extrinsic curvature K ≡ Kii.
Hence, the α˜→ 0 limit of (3) is GR in the uniform mean curvature slice K = K(t).
After formulating the theory in a consistent way, the next question is whether it is phenomeno-
logically interesting or not and cosmology is one of the most promising setup to answer this question.
Therefore, in this paper, we study cosmological implications of the theory coupled to a matter field
in the form of a perfect fluid. For the sake of simplicity, we work with a minimally coupled k-essence
field and the action takes the form
S =
∫
d3xdtN
√
γ
[L4DEGB + P (X) ], X ≡ gµν∂µφ∂νφ = − 1N2 (φ˙−N i∂iφ)2 + γij∂iφ∂jφ , (10)
where X is the kinetic term of the k-essence scalar field φ and we decomposed it by means of the 4-
dimensional ADM metric (2). The energy density, the pressure, and the sound speed of the k-essence
are defined by
ρ ≡ 2XP,X − P , p ≡ P , c2s ≡
P,X
P,X + 2XP,XX
, (11)
where P,X and P,XX are the first and the second derivatives of P with respect to X , respectively.
3 Cosmological background
In this section we present the cosmological background equations in spatially flat FLRW spacetime
driven by a homogeneous k-essence field
N = N¯(t) , N i = 0 , γij = a(t)
2δij , φ = φ¯(t) , (12)
where a(t) is the scale factor. We shall put a bar to represent the background quantities, e.g. φ¯ is the
background value of φ. Note that the FLRW ansatz is compatible with the time reparametrization (6).
Considering the spatially homogeneous ansatz λGF = λ¯GF(t), the gauge-fixing term in (5) vanishes
and Kij reduces to the standard extrinsic curvature for the FLRW background
Kij = Hδij , H ≡ a˙
N¯a
. (13)
The background value of λGF is undetermined by equations of motion because the gauge conditions
that we have chosen does not fix the freedom of the time reparametrization symmetry (6).
Substituting (12) and (13) into the action (10), we find the following homogeneous and isotropic
minisuperspace action
S¯ = V0
∫
dtN¯a3
[
P
(
X¯
)− 3M2PlH2 − α˜M2PlH4] , X¯ = −
( ˙¯φ
N¯
)2
, (14)
where V0 =
∫
d3x is the spatial volume and we assume it to be large enough but finite.
Hereinafter, after taking the variations to obtain the background equations, we set N¯ = 1 by the
use of the time reparametrization symmetry (6). The dot simply means the time derivative with
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respect to the cosmic time. Varying the above action with respect to the lapse function, we find the
first Friedmann equation
3M2Pl
(
H2 + α˜H4
)
= ρ¯ . (15)
Taking variation with respect to the scale factor gives the second Friedmann equation, which after
using (15) simplifies to
−2M2PlΓH˙ = ρ¯+ p¯ . (16)
Here, we have defined the function
Γ ≡ 1 + 2α˜H2 , (17)
as in [4] to make the comparison of the results easy. Finally, variation of (14) with respect to the
k-essence field gives the equation of local conservation of the stress-energy tensor,
˙¯ρ+ 3H(ρ¯+ p¯) = 0 . (18)
One can of course derive the same set of background equations of motion by simply expand the action
(10) up to linear order in general perturbations. The equation (16) can be derived from (15) and (18)
due to the time reparametrization symmetry (6).
Although we considered the shift symmetric k-essence scalar as a matter field for the sake of
simplicity, the results (15), (16) and (18) are also applicable for a more general perfect fluid. These
results coincide with those obtained in [4]. However, the coincidence will not always happen for other
types of solutions. It happened here since the spatial part of the FLRW metric (12) is conformally
flat, thanks to the property (v) of the consistent 4-dimensional theory considered in the present paper.
More precisely, in [1], we have shown that the ambiguities of the limit D → 4 are originated from the
counter terms that cancel the divergences due to the Weyl parts of the spatial Riemann tensor Rijkl
and tensor Mijkl = Rijkl + 2Ki[kKl]j. In FLRW spacetime, the Weyl pieces of both of these tensors
vanish which is clear from (12) and (13). Therefore the subtleties will not arise in this special case.
That is the reason why the equations (15)-(18) coincide with those in the naive (and inconsistent)
D → 4 limit studied in [4]. The same happens for the spherically symmetric spacetime. In particular,
the black hole solution found in [4] is also a vacuum solution of our theory with Lagrangian density
(3) as one can easily confirm.
4 Scalar perturbations
Having studied background equations, we now consider scalar perturbations around the background
geometry (12) as
N = 1 + A , N i = δij∂jB , γij = a(t)
2
[
(1 + 2ψ)δij + ∂i∂jE
]
, φ = φ¯(t) + δφ . (19)
We should also consider scalar perturbations in the gauge-fixing term as λGF = λ¯GF+a
2δλ. We there-
fore deal with six scalar variables (A,B, ψ, E, δλ, δφ). The theory is invariant under the infinitesimal
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version of the spatial diffeomorphism (1), xi → xi+ ξi, and using the usual decomposition ξi = δij∂jξ
in terms of a spatial scalar ξ, we can set E = 0 in (19) by fixing this gauge freedom.
Expanding the action up to the quadratic order in perturbations and using the background equa-
tions, we obtain the quadratic action in terms of (A,B, ψ, δλ, δφ). We then change the perturbation
variables (ψ,A, δφ) into the “gauge-invariant” combinations
Ψ ≡ ψ + a2HB , Φ ≡ A + a2B˙ + 2a2HB , δφinv ≡ δφ+ a2 ˙¯φB , (20)
which are invariant under the linearised temporal diffeomorphism if the theory has such a symmetry.
Although the action (3) has no temporal diffeomorphism invariance, the change of the variables,
(ψ,A, δφ) → (Ψ,Φ, δφinv), is quite useful. After changing the variables in this way, the shift pertur-
bation B plays the role of a Lagrange multiplier to implement the constraint
δλ = 0 . (21)
Substituting this solution to the quadratic action, we obtain the action in terms of (Ψ,Φ, δφinv).
It would be worth emphasizing that we have δλ = 0 from the equations of motion and thus δλ does
not affect the analysis of scalar perturbations at all after we integrate out δλ. This implies that we can
obtain exactly the same result of the scalar perturbations even if the original action (3) has no gauge-
fixing term λGF. Indeed, studying the scalar perturbations based on (3) without λGF by the use of
the variables (20), one can find that the quadratic action is independent of B, meaning the invariance
under the linearised temporal diffeomorphism. The emergence of the linearised symmetry may be
understood by the fact that the spatial metric (19) is conformally flat. The quadratic order action
of (3) without λGF under the ansatz (19) may be obtained by taking a naive D → 4 limit of that of
the D-dimensional Einstein-Gauss-Bonnet gravity for which there exists the temporal diffeomorphism
invariance. However, one should recall that the full 4-dimensional theory without λGF has neither
the temporal diffeomorphism invariance nor an additional constraint that would remove an unwanted
degree in the phase space and thus is inconsistent as shown in [1], contrary to the consistent theory
(3) with λGF. One has to work based on (3) with λGF and obtain δλ = 0 from the equations of motion
at the level of linear perturbations. Nonetheless, this observation implies that the result of the scalar
perturbations is not affected by the specific form of the gauge-fixing when we use the gauge-invariant
variables (20). The results here must be robust against changes of the choice of the “gauge-fixing”.
The variable Φ is also non-dynamical and can be integrated out. We further define the new
variable
ζ ≡ ψ − H
˙¯φ
δφ = Ψ− H
˙¯φ
δφinv , (22)
and then integrate out Ψ. As a result, the quadratic action in Fourier space takes the form1
SSS2 =M
2
Pl
∫
dtd3k a3
ǫΓ
c2s
[
ζ˙2 − c
2
sk
2
a2
ζ2
]
, (23)
1We represent the amplitude of the Fourier transformations with the same notation of the corresponding field in
the real space.
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where ǫ = −H˙/H2 and Γ is defined by (17). The equation of motion of ζ is
ζ¨ + 3H
(
1 +
(ǫ/c2s)
·
3Hǫ/c2s
− 4α˜ǫH
2
3Γ
)
ζ˙ +
c2sk
2
a2
ζ = 0 , (24)
which agrees with that in [4] when cs = 1. As already mentioned, the coincidence with [4] is due to the
fact that the spatial metric of scalar perturbations (19) is conformally flat. As long as the null energy
condition for the perfect fluid ρ+ p ≥ 0 holds, H˙ ≤ 0 and the scalar mode is free of any pathologies.
We therefore can implement it to construct an inflationary scenario by considering standard slow roll
potential. We can also construct a late time scalar-tensor scenario where the k-essence may play the
role of dark energy.
5 Vector perturbations
We then briefly discuss the vector type perturbations. The theory (3) has only tensorial dofs. Since
the perfect fluid described by the k-essence field has only scalar dof, there is not any vectorial mode in
the matter sector to source the gravitational vectorial dofs. Consequently, there must be no dynamical
dofs in the vector sector of the theory. By explicit calculations, we have also confirmed that the vector
type perturbations are not dynamical and, therefore, we do not discuss them further.
6 Tensor perturbations
Of more interests in the consistent D → 4 Einstein-Gauss-Bonnet gravity is the tensor perturbations.
The tensor perturbations around the background geometry (12) are given by
N = 1 , N i = 0 , γij = a(t)
2(δij + hij) , φ = φ¯(t) , (25)
where hij represents tensor perturbations satisfying the transverse traceless condition ∂
ihij = 0 = h
i
i
and we have considered N¯ = 1 so that t is the cosmic time.
Substituting (25) into the action (10) and performing some integrations by part, we find the
quadratic action for the tensor perturbations as follows
STT2 =
M2Pl
8
∫
dtd3xa3
[
Γ
(
h˙ij h˙
ij − c
2
T
a2
∂kh
ij∂khij
)
− 4α˜
a4
∂l∂kh
ij∂l∂khij
]
, (26)
or
STT2 =
M2Pl
8
∫
dtd3ka3Γ
[
h˙ij h˙
ij −
(
c2Tk
2
a2
+
4α˜
Γ
k4
a4
)
hijh
ij
]
, (27)
in the Fourier space, where
c2T ≡ 1 +
Γ˙
HΓ
= 1− 4α˜
Γ
ǫH2 . (28)
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Its equation of motion is
h¨ij + 3H
(
1− 4α˜ǫH
2
3Γ
)
h˙ij +
(
c2Tk
2
a2
+
4α˜
Γ
k4
a4
)
hij = 0 . (29)
Although c2T can be negative, there exists the k
4 term coefficient of which is positive so long as α˜ > 0.
Hence, for α˜ > 0 and H˙ < 0 the tensor modes are free of either ghost or gradient instabilities.
Interestingly, tensor modes have a modified dispersion relation in this scenario like the Horˇava-
Lifshitz gravity. Except the k4 term, the equation of motion of the tensor mode coincides with that
derived from the naive (and inconsistent) D → 4 limit in [4]. This result reveals that the result in
[4] only captures the IR limit of the consistent theory (3), but the consistency of the 4-dimensional
description of the D → 4 theory requires the k4 term in the dispersion relation of the gravitational
waves which significantly changes the physics in the UV regime.
The appearance of the k4 term can be understood if one recalls that, in order to have a consistent
theory of D → 4 Einstein-Gauss-Bonnet gravity with two dofs, one needs to introduce counter terms
to cancel divergences due to the spatial Weyl pieces of the Gauss-Bonnet term as a regularization of
the Hamiltonian or/and the action [1]. These counter terms change the second-order structure of the
Gauss-Bonnet term so that higher spatial derivative term are allowed (and indeed present) in this
theory. Since we defined the theory in such a way that the number of dofs is two at fully nonlinear
orders, higher time derivatives are forbidden by construction. However, the spatial higher derivatives
are not forbidden and that is the reason why we found a spatial higher derivative term in (26) or
equivalently a k4 term in (27). As we have seen, the higher order spatial derivative does not appear
in the scalar perturbation sector since the Weyl pieces are traceless and can only modify the second
order structure of the tensorial modes. Appearance of the k4 correction reveals that the small scale
structure of the tensor sector of the theory (10) is different from the standard GR and even from
many modified gravity theories. According to the classification of [21], the theory (3) is a type-II
minimally modified gravity, i.e. a theory without the Einstein frame, since the dispersion relation is
no longer the same as GR.
From (28) we also see that the IR speed of gravitational waves is corrected by the Gauss-Bonnet
term. The current bound on the speed of gravitational waves is |1−cT | ∼ 10−15 [22], which would lead
to a rather weak upper bound α˜ . 1050 eV−2 on the rescaled Gauss-Bonnet coupling constant if we
ignore the effects of k4 term. Actually, the k4 term cannot be ignored if α˜ is as large as ∼ 1050 eV−2.
Taking into account the k4 term, therefore, much stronger bound then arise from the gravitational
waves observational bound [23, 24, 25] as
α˜ . O(1) eV−2 . (30)
Moreover, in the IR limit, the additional terms in the equations of motion due to the D → 4
Gauss-Bonnet term should be smaller than those due to the Einstein-Hilbert term when we apply
the theory to physical systems that have already been observationally/experimentally confirmed to
reproduce GR predictions. Following the method investigated in [26], this criterion implies α˜R ≤ 1,
where R is an average Gaussian curvature which can be identified with nonzero tetrad components of
the Riemann tensor for the system under consideration. Around a compact astronomical object, the
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background geometry is approximately given by the Schwarzschild-type solution. On the surface of a
compact astronomical object we then have R ∼ rS/r3, where rS = M/(4πM2Pl) is the Schwarzschild
radius of the object with mass M and radius r [26]. In the case of a neutron star, the typical values
of the mass and radius are M = 1066 eV and r = 107 eV−1 which gives the bound α˜ . 10 eV−2. This
is almost the same as what we found from the k4 term in the dispersion relation of the gravitational
waves. Hence, the conservative bound on α˜ is typically of the order of eV−2 which reads α˜M2pl . 10
55
in terms of the dimensionless combination.
7 Summary and discussions
Very recently, we proposed a consistent 4-dimensional theory of gravity with two dofs that serves as a
consistent realization of D → 4 Einstein-Gauss-Bonnet gravity [1]. The consistent theory is different
than the previously suggested, naive (and inconsistent) D → 4 limit so that it can validate some of
the claims, but not all, of [4] in a consistent manner. Contrary to the scalar-tensor descriptions of
D → 4 Einstein-Gauss-Bonnet gravity [5, 6, 7, 8, 9], our theory provides a novel gravitational theory
with only two dynamical dofs while the temporal diffeomorphism invariance is broken. As argued in
[1], the action of the consistent theory (3) is uniquely determined by requiring the conditions (i)-(v)
in the 4-dimensional spacetime, up to a choice of a constraint that stems from the temporal gauge
condition. Due to the violation of the temporal part of the 4-dimensional general covariance, our
theory does not contradict with the Lovelock theorem.
In the present paper, we studied cosmological implications of this theory in the presence of a
minimally coupled k-essence field. All results can be straightforwardly translated into the case of a
perfect fluid. We studied linear perturbations around a spatially flat FLRW background and explicitly
confirmed that there only exists two gravitational dofs. We also showed that for α˜ > 0 and H˙ < 0,
all modes are free of any pathologies so that one can construct early and/or late time cosmological
models in this framework. The tensor perturbations are modified from those in GR so the IR speed
of gravitational waves gets modifications from the Gauss-Bonnet term and, more interestingly, a k4
term shows up in the dispersion relation. The former result is already found in [4] while the latter is
the specific characteristic of the consistent theory of the D → 4 Einstein-Gauss-Bonnet gravity with
two dofs. Taking into account the k4 term, observational bounds on the propagation of gravitational
waves then gives the bound α˜ . O(1) eV−2 on the rescaled Gauss-Bonnet coupling constant.
The theory is uniquely defined up to a choice of the constraint 3G ≈ 0 that stems from a gauge-
fixing condition. However, we have argued that the analysis of the linear perturbations are indeed
independent of the choice of this constraint. The vector and the tensor modes would not be affected
since the constraint stems from the temporal gauge fixing. For the scalar modes, at the linear
level, the spatial metric is conformally flat. Therefore, the scalar part would not be affected by
the choice of the additional constraint as well and we have explicitly confirmed this fact. However,
the constraint stemming from the temporal gauge fixing may contribute at non-linear orders, e.g. to
non-Gaussianities.
We have seen that background equations and linear scalar modes are the same as those obtained
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from a naive (and inconsistent) D → 4 limit in [4]. On the other hand, the appearance of the higher
order spatial derivatives in the tensor perturbations clearly shows that our result (26) for tensor modes
is completely different than those obtained in [4] in the UV regime. The linear tensor perturbations
analysis presented in [4] cannot be realized in a consistent nonlinear theory, especially in the UV
regime. In this sense, the present paper clarifies that some of the results in [4] can be reproduced by
the use of the consistent 4-dimensional theory (3) instead of the questionable (and ill-defined) D → 4
limit, but taking the naive D → 4 limit of D-dimensional solutions is inconsistent in general.
The situation is similar for the case of the black hole solution presented in [4]. It can be easily
checked that the black hole solution presented in [4] is also a solution of the consistent theory with the
action (3) while it is not clear whether analysis of the quasinormal modes [27, 28, 29, 30, 31, 32, 33, 34]
for the naive (and inconsistent) setup of [4] are still valid in the consistent theory with Lagrangian
density (3). In particular, analysis of tensor quasinormal modes [27] would most probably change
because of the modification of the dispersion relation. It is also expected that rotating black holes in
the consistent 4-dimensional theory and the naive D → 4 limit of those in D-dimensional Einstein-
Gauss-Bonnet theory may be different since the Kerr spacetime (in the α˜→ 0 limit) does not admit
conformally flat spatial sections [35, 36].
The consistent theory (3) may open a new window of opportunity for modified theories of gravity.
The dispersion relation of the tensor modes takes the form ω2 = c2Tk
2 + βk4/M2∗ , where the k
4 term
originates from the “Gauss-Bonnet term”. Appearance of the k4 term makes the theory different
than not only general relativity but also many modified gravity theories at small scales. Although
the behaviour of the dispersion relation is in a sense similar to the Horˇava-Lifshitz gravity, the theory
has no scalar graviton and has only tensor modes. It is thus interesting to look for phenomenological
implications of the theory (3) further.
Furthermore, one can easily generalize the action (3) by removing the condition(s) (iv) and/or (v).
For instance, if one drops the condition (iv), terms like the spatial Cotton tensor squared is allowed.
It is then expected that the dispersion relation of gravitational waves should acquire a k6 term just
like the Horˇava-Lifshitz gravity. As already commented in [1], a more general theory satisfying the
conditions (i)-(iii) may be given by
S =
∫
dtd3xN
√
γL(γij,Kij, Rij, Di) , (31)
where Kij is defined by (5). The structure of the Lagrangian and Kij ensures that N and λGF are
Lagrange multipliers in the Hamiltonian, meaning the existence of a pair of second-class constraints,
i.e. the Hamiltonian constraint H0(γij, πij) ≈ 0 and the other stemming from the gauge-fixing
condition 3G = √γDkDk(πijγij/√γ) ≈ 0. In the case of the gauge-fixed GR, we have {H0, 3G} 6≈ 0.
Hence, the conditions (i)-(iii) hold as long as L is a spatial scalar and has a smooth GR limit in the
parameter space of the theory. One may use (31) as a general framework of the 4-dimensional gravity
with two gravitational dofs, namely minimally modified gravity. We leave further studies on (31) as
well as (3) for future works.
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